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THE s£{2) © si{2)/si{2) COSET THEORY AS A HAMILTONIAN REDUCTION 

OF i3(2|l;a) 

B. L. FEIGIN AND A. M. SEMIKHATOV 
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Abstract. We show that the coset s£{2)kj^(Bs£{2)k2/s£{2)ki+k2 is a quantum Haniiltonian reduction 
of the exceptional affine Lie superalgebra D{2\l;a) and that the corresponding W algebra is the 
commutant of the 'UgD(2|l;a) quantum group. 
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1. Introduction 

Extensions of bosonic algebras via vertex operators have been seen to demonstrate a remarkable 
appearance of affine Lie superalgehias: two s£{2) algebras with the levels k and k' related by 
{k+l){k' +1) = 1 are extended via their spin-| vertex operators to the affine superalgebra si{2\l) 
Moreover, a class of representations of the exceptional affine Lie superalgebra Z)(2|l;a) |0, Q can 
also be realized by extending si{2)k © s£{2)k' by spin-i vertex operators The emergence of the 
D{2\l;a) algebra is rather intriguing, and this suggests looking for other occurrences of D{2\l;a) 
or related algebras hidden behind some known conformal field theory structures. 

1.1. Formulation of the main result. We show that D{2\1] a) is related to a well-known object, 
the coset conformal theories s£{2) © s£{2)/si{2), via the (quantum) Hamiltonian reduction, 

si{2)k, © si{2)k. 



Quantum Hamiltonian Reduction (Z}(2|1; a) 



sii2),. 



+k2 



with the a parameter of the algebra and its level x expressed as 

ki + 2 -1 



1.2) 



a 



-1 - 



k2 + 2' 



ki + k2 + 4:' 
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We also show that 

(1.3) £!(|)5L^iMM = WD(2|l;a). 

where ^0(211; a) is the W algebra determined by the root system of the Lie superalgebra D(2\l;a); 

the coset theory on the left-hand side can be defined as the BRST cohomology of the complex 

associated with the s£(2)_4 algebra diagonally embedded in si{2)ki © s£{2)k2 © s£{2)k^, where ki + 

^2 + ^3 = ~4. The central charge is therefore given by 

3ki 3k2 3{ki + /cs) 
(1-4) c=— — + 



ki + 2 k2 + 2 ki + k2 + 2 

Two general remarks are in order. First, the algebra D{2\l;a) admits different Hamiltonian 
reductions, depending on the chosen maximal nilpotent subalgebra. Relations (|1.2| ) apply to the 
case where the three simple roots are chosen fermionic.Q Second, the mapping between (/ci, k2) and 
(A;, a) is not uniquely fixed because on the one hand, the a parameter is defined modulo an order-6 
group of discrete transformations and on the other hand, the BRST construction of the coset is 
invariant under transpositions of the three levels fci, and k^ = —ki — A;2 — 4; this also applies to 
writing the coset in the GKO form 0, for example, the left-hand side of ( |1.3| ) can be replaced with 
d{2)k2 © r£(2)_fc,„fc,_4/sl(2)_fc,_4. 

Although the notation 'V\©(2|l;a;) for the W algebra explicitly indicates the root system that 
determines this algebra, it does not specify the central charge; we sometimes use the notation 
WD2|i(^i)^2) for this W algebra with the central charge in Eq. ( |1.4| ). Similarly, the level x in 
the notation D(2|l;a)ji is conventionally taken to be the level of one of the s£{2) subalgebras 
in Z)(2|l; a); a more convenient way to fix both the a parameter and the level is to specify the levels 
xi, X2, and X3 of three s£{2) subalgebras of -D(2|l; a) (these levels are related by ^ + 3^ + ^ = 0); 
in terms of ki and k2, we then have 

/ N 11-1 
(1-5) xi = 1 — -TT, X2 = — X3 



A;i + 2' ^2 + 2' fci + A;2 + 4 

The strategy to arrive at the results in Eqs. ( p..lD - ([L^ ) involves a combination of several methods, 
which are outlined in what follows. 

1.2. Quantum groups and Hamiltonian reduction. Quantum groups play an important role 

in the theory of vertex operator algebras, similar to the role of a symmetry group. This has various 

manifestations, one of these being the Kazhdan-Lusztig correspondence § between representation 

categories of a vertex operator algebra and of the corresponding quantum group (in particular cases, 

equivalence of quasitensor categories has been proved). Another important collection of examples is 

^We only consider Hamiltonian reductions that are "maxima/" in that all the nilpotent subalgebra currents are 
constrained. A partial Hamiltonian reduction of D{2\1; a) leads to (nonhnear) iV = 4 superconformal algebras |Q, ^, 
which raises an interesting question regarding a "secondary" Hamiltonian reduction from the A'^ = 4 superconformal 
algebra to the coset. 
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provided by free-field realizations, where the role of the appropriate quantum group is reminiscent 
of the Galois group: the quantum group can be thought of as acting by symmetries on the free-field 
space such that the invariants of this action make up a vertex operator algebra. In practice, the 
nilpotent (upper-triangular) quantum group generators are the screening operators; in other words, 
the vertex operator algebra generators are singled out by the condition that they commute with 
the screenings. This vertex operator algebra is said to be the commutant of the quantum group in 
the free-field space (the commutant is always understood as a subalgebra in the algebra of vacuum 
descendants of the free-field theory). 

Vertex operator algebras defined as the commutant of a chosen set of screening operators are W 
algebras. The general pattern emerging from a number of known examples is that interesting W al- 
gebras typically arise when the screenings satisfy some special relations. For generic operators taken 
as screenings, the corresponding commutant is trivial; the condition for Virasoro generators to exist 
in the commutant restricts the screenings, and the existence of a larger algebra requires more rela- 
tions to be satisfied by the screenings, which makes the corresponding quantum group "smaller. "0 

A popular class of W algebras are associated with root systems of semisimple finite-dimensional 
Lie algebras. The screening operators cTj = ^ e"''''^ are then constructed from a set of free fields 
by taking simple root vectors cJj and rescaling them into = (with a parameter related 
to the central charge of the W algebra resulting from the reduction). These W algebras can also 
be obtained via Hamiltonian reduction.^ Given a system of screening operators corresponding to 
the (upper-triangular) Chevalley generators of a quantum group and then taking the corresponding 
Lie algebra (assumed to be finite-dimensional and semisimple) and constructing its affinisation, one 
expects to arrive at the algebra whose Hamiltonian reduction is the commutant of the screenings. 
This can be schematically represented as 




where '_L' indicates that each of the two objects is the commutant of the other in the appropriate 

free-field space. Conversely, the Hamiltonian reduction of an affine Lie algebra g (with a semisimple 

finite-dimensional g) is generally expected to be the commutant of the quantum group ILqQ. 

precise criterion for the occurrence of an nontrivial W algebra is not known, however; for example, it is not 
true that the corresponding quantum group must necessarily be the g-deformation of a finite-dimensional semisimple 
Lie algebra. 

^by which we mean the quantum Drinfeld-Sokolov reduction — the maximum Hamiltonian reduction "with char- 
acters," i.e., such that the reduction constraints imposed on simple root operators are given by ei{z) — xisi{z)) = 
with a character x : n ^ C. 
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Formulating the general scheme outlined in the above diagram as a theorem would face several 
subtle points. The quantum group is only sensitive to the exponentials of the scalar products of 
the momenta a.^ used in constructing the screening operators, but the commutant of the screenings 
can depend on the actual scalar products; this raises the problem of finding a "preferred" matrix of 
scalar products. For bosonic algebras (i.e., in the cases where g is not a Lie S'uperalgebra) , the recipe 
that is known to work amounts to taking the scalar products of the momenta to be precisely (up 
to a common factor) the scalar products of the corresponding root vectors. This is not necessarily 
so for super algebras, and the general reformulation of the above scheme is not known in that case. 
In fact, even the definition of the W algebra Wg determined by the root system of g requires a 
clarification in the case where g is a Lie superalgebra. The proposal given in what follows applies 
to the case where the odd roots are isotropic. 

1.3. Odd roots, fermionic screenings, and UqD{2\l; a). For a Lie superalgebra g all of whose 
odd roots are isotropic, we extend the notation Wg to denote the algebra that is defined as in the 
bosonic case but with the Chevalley operators corresponding to each odd isotropic root ai (i.e., 
oli ■ 6ii — 0) replaced with § e"' "^ where Oj are determined by a j • a j = 1 and by the condition that 
the set of all screenings satisfy the nilpotent subalgebra of U^g. 

Operators § e"*'"^ with ■ cii — 1 are called fermionic screenings; all other screenings are indis- 
criminately called bosonic. 

Examples of systems with fermionic screenings are provided by two-boson realizations, where two 
fermionic screenings determine the nilpotent subalgebra of Uqsi{2\l); its commutant is a nontrivial 
W algebra, which also is the Hamiltonian reduction of s£{2\l). (This justifies the notation Ws£{2\l) 
for this W algebra, even though the condition a ■ a = 1 is not read off from the Cartan matrix 
of si{2\l); this W algebra is also isomorphic to si{2)/u{l)). For a system of one fermionic and 
one bosonic screening, the resulting W algebra is isomorphic to Ws£{2\l) constructed using two 
fermionic screenings. 

In this paper, we consider the case with three fermionic screenings (o"i, a2, (T3). With a single 
relation imposed on these operators in the grade (1,1,1) with respect to (o"i, (T2, (T3), the three 
fermionic screenings generate the nilpotent subalgebra of the quantum group lLqD{2\l]a). This is 
the origin of D{2\1; a)-related algebras in this paper. 

The 1X^1^(211; Q;)-relation imposed on the fermionic screenings translates into a relation on the 
scalar products of the momenta of the screenings, 

CLi ■ a2 + CLi ■ + a2 ■ as — n E li, 

which involves an arbitrary integer. We analyze the commutant of ((7i, (72, (J3) for the existence of 
higher-dimension operators, in addition to the Virasoro generators. The first of these operators 
can occur at dimension 4. We find that for generic values of the other parameters, a primary 
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dimension-4 field exists in the commutant if and only if n = —1. We conjecture tliat for generic 
values of the other parameters, a nontrivial W algebra exists in the commutant of (ai, (J2, (T3) if and 
only if n = —1 (the conjecture consists in the "only if" part, the converse is a part of what is proved 
below). We define the W algebra WD(2|1; a) to be the commutant of the three fermionic screenings 
that represent the nilpotent subalgebra of lLqD{2\l] a) with n = — 1 in the above equation for the 
scalar products in the three-boson space. 

To mention another example of the occurrence of a fermionic screening in the three-boson case, 
we note that the system of one fermionic and two bosonic screenings, with the bosonic screenings 
commuting with each other, gives the nilpotent subalgebra of UqD{2\l;a) corresponding to a dif- 
ferent choice of simple roots. The commutant is the same W algebra WD(2|l;a) as determined by 
the three fermionic screenings. 

The WD{2\l;a) algebra is similar to other known W algebras in that it allows two systems of 
screening operators generating different quantum groups that are Langlands-dual to each other 
(and are therefore different in the non- simply-laced case). For 'V\®(2|l;a), these quantum groups 
are UqD {2\1; a) and 'Uq^s£(2) ® Uq2si{2) ® Uq^s£{2). The latter is represented by three commuting 
bosonic screenings that play an important role in establishing the relation of WD(2|l;a) to the 
coset d{2)k, © ^ii2)kj^ii2)k,+k2- 

1.4. Vertex-operator extensions of vertex operator algebras. To show that WD{2\l;a) is 
the coset si{2)ki © s£(2)fe2/s£(2)fc^+fc2, we reconstruct the two s£(2)fc- algebras in the numerator from 
the s^(2)fc^+fc2 algebra in the denominator and the WD(2|1; a) algebra. This is done by constructing 
the vertex- operator extension 

(1.6) WDi2\l;a)0Usii2)k,+k, Usi{2)k, 0Usii2)k, 

involving vertex operators that carry representations of the three UqSi{2) quantum groups. 

Vertex-operator extensions highlight the use of quantum groups in describing monodromy proper- 
ties of vertex operators; extensions with the help of vertex operators as, e.g., in ( |1.6| ), require local 
operators, and these are usually constructed by taking products of operators carrying dual quantum 
group representations and then taking the "quantum" trace so as to obtain operators with trivial 
monodromies with respect to each other. 

A given set of screening operators can be used to define, in addition to the commutant W algebra, 
a natural set of vertex operators of this W algebra (and their descendants) by selecting all those free- 
field operators that generate finite- dimensional quantum group representations under the action of 
the screenings. These vertex operators are therefore labeled by representations of the quantum 
group (s) generated by the screenings. Vectors in the vacuum representation of the W algebra — or 
equivalently, the local fields — are then in a 1 : 1 correspondence with quantum-group singlets. 

We use vertex-operator extensions to construct the s(.{2)k^ © s^{2)k2 currents and also the cor- 
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responding vertex operators (in all cases, we only use the WD(2|l;a) vertex operators that are 
singlets with respect to UqD {2\1; a)). Constructing the si{2)ki vertex operators is based on the 
"contraction" given by the quantum trace in the product of the two-dimensional si{2) quantum 
group representations and C^, with the "dual" quantum group parameters q = e^"/('^+^) and 
q/ _ g27rj/(fc'+2) ^ rpj^g j^gg^ q£ ^Yiis "duality," with + G N, was discussed in (which was de- 
voted to the case where + = 1) and is similar to the duality used in matter + gravity theory 
and also has a counterpart in solvable lattice models of statistical mechanics, where expressing the 
T operators as the trace of L operators is parallel to the above contraction of vertex operators. In 
the present case, we have + = 0, which allows us to take the quantum trace of the product 
of s£(2)fcj_|_fc2 and ^0(211; a) vertex operators. This gives the spin-| vertex operators for each of 
the s£{2)k. algebras (the quantum groups that are not involved in the contraction become quantum 
group symmetries of the resulting vertex operators); the spin-^ operators generate the entire algebra 
of vertex operators. The si{2)ki currents can be reconstructed via a similar vertex-operator exten- 
sion involving a contraction in the product of three-dimensional quantum group representations 
(such that the result is a singlet with respect to all quantum groups). 

1.5. Hamiltonian reduction of D{2\l;a). We perform the Hamiltonian reduction of D{2\l;a) 
with the help of a "BRST" operator Q implementing the constraints imposed on the nilpotent 
subalgebra currents. The reduction is such that the cohomology of Q certainly contains a Heisenberg 
algebra JCq, which is a "trivial" piece guaranteed by the nature of the reduction, while the nontrivial 
problem is to find a W algebra commuting with "Kq. The Virasoro generators of this W algebra can 
be constructed explicitly, and it is then verified that their central charge is the one in Eq. (|1.4| ). To 
show that the cohomology contains the entire ^0(211; a) algebra, we introduce a filtration on the 
BRST complex such that the BRST operator splits as Q = Q^^^ + Q^^^ + Q^"^^ with Q^*) decreasing 
the filtration index by i. The cohomology of Q^^^ is given by (apart from the "trivial" Heisenberg 
algebra) a Heisenberg algebra represented by three scalar fields. On this algebra, the action of 
Q^^^ amounts to the action of three fermionic screenings that satisfy the nilpotent subalgebra of 
UqD {2\1; a) (and the next differential acts trivially). This allows us to show that the Hamiltonian 
reduction of D(2|l; a) is the W algebra WD(2|1; a). 

In Sec. ^ we start with three fermionic screenings in a three-boson realization and impose one 
relation in the grade (1, 1, 1) with respect to these operators. This makes three generic fermionic 



screenings into those representing the nilpotent subalgebra of UgD{2\l; a). In Sec. we explicitly 



find the lowest-dimension 'WD(2|1; a) operators. In Sec. |2.3| , we construct the screenings representing 
the nilpotent subalgebra of the Langlands-dual quantum group (the sum of three 1X^5^(2)). In Sec. |], 
we arrive at the same system of three Uqsi{2) screenings and the W algebra in their commutant 
by "deforming" the s£{2) WZW theory. This allows us to find two remarkable vertex operators 
for WD(2|l;a) that are analogues of the $21 operators for the Virasoro algebra and also a triplet 
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operator. These WD{2\l;a) vertex operators are used in Sec. § to reconstruct the si{2)k^ vertex 
operators and currents and thus to show that WD(2|l;a) is indeed the algebra of the s£(2)fc^ © 



s£(2)fc2/s£(2)fcj+fc2 coset. In Sec. ^A] , we review several relevant points pertaining to vertex-operator 



extensions, in Sec. ff^ recall defining properties of the coset, and use these in Sec. to reconstruct 



the si{2)ki © s£{2)k2 currents (and in Sec. |]4|, the corresponding vertex operators) via a vertex- 
operator extension. The Hamiltonian reduction of D(2\l; a) leading to this W algebra is worked out 
in Sec. ^. A number of related issues and further directions are discussed in Sec. |. Appnedix (0) 
contains an explicit formula for the dimension-4 operator in the commutant of the screenings. In 
Appendix we give our conventions on Z)(2|l; a) and the 1^(211; a) commutation relations. 

2. Fermionic screenings for WD(2|1;q;) 

In this section, we show that the nilpotent subalgebra of UqD{2\l; a) can be generated by three 
fermionic screenings in the three-boson realization such that the commutant of these screenings is 
a nontrivial W algebra. 

We recall (see [|, |^) that D(2|l;a) is the superalgebra with the bosonic part D(2|l;a;)o = 
s£{2) © si{2) © si{2) and the action of D{2\1; a)^ on D{2\1; a)j given by the product of the two- 
dimensional representations. Commutation relations of D{2\l;a) are written in Appendix P, but 
in this section, we only use the fact that D{2\1; a) admits a simple root system where all the three 
roots are fermionic; the Chevalley generators ipi, i = 1,2,3, then satisfy [V'l, ■i/'i] = 0, [ip2,'ip2] = 0, 
['?/'3, V's] = (where [ , ] denotes the stxj>ercommutator), and 

(2.1) [^2, [^i,H] + (« + Ws, l^uH] = 

(a non-Serre-type relation in the approach of [^). Thus, the nilpotent subalgebra contains three 
even elements [ipi,ip2], [4'2,4'3], and ['?/'3,?/'i] and one more odd element, which up to proportionality 
is given by any of the triple commutators. The algebra admits an invariant form and can therefore 
be quantized. Remarkably, the crucial relation in 1X5-0(211; a) — the "quantum" analogue of (|2.1| ) — 
follows from a simple algebraic problem involving three screening operators. 

2.1. A cubic relation on three fermionic screenings. We consider a formal algebraic problem 
capturing the commutation properties of screening operators for the D{2\l;a) root system. We 
construct three screenings as 



(2.2) a, = J S,{z), ^ = 1,2,3, 
where Si satisfy formal relations 

(2.3) Si{z)Sj{w) = Qij Sj{w)Si{z), z> w. 

In the case where qij = q""'^ , with aij being the matrix of scalar products of a simple root system 
(for the respective range of i,j), the corresponding screenings satisfy the relations of the nilpotent 
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subalgebra of the quantum group determined by the chosen root system. 

For cTj to generate the nilpotent subalgebra ofUqD{2\l; a) corresponding to three fermionic roots, 
we take each Si{z) to be a fermionic operator and consider the simplest nontrivial relation that can 
be imposed on all the three operators CTj. The first nontrivial relation is in the grade (1, 1, 1) with 
respect to (ai, cr2, cs)- The only invariant relation in this grade states that the six operators given 
by the triple integrals of S'p(i)(z)S'p(2)(w)5'p(3)(u) with z < w < u, where p runs over permutations 



on three elements, are linearly dependent (but no stronger conditions hold). Using (2^), each of 
the six operators can be expressed through six "basis" operators Si{z) 82(10) Ss{u) in the respective 
domains 



z < w < u, w < u < z, u < z < w, 



z < u < w, w < z < u, u < w < z. 



The trilinear relation amounts to the condition that the 6x6 matrix relating the two sets of 
operators must have rank 5. This matrix 

/ 1 qi2 quQlS ^13923 gi2gi3923\ 



(2.4) 



Q23 1 912^ 912913923 9l3 

9l2 912923 1 9l3 9l39l2923 

9i29i3 9i29239i3 9i3 1 912923 

913923 9l3 9l29l3923 9l2923 1 



9l29l3 
913923 
923 
9l2 
1 



\9l29l3923 9l29l3 913923 923 9l2 

has the determinant (1 — 912)^(1 ~ 9i3)^(l ~ 923)^(1 ~ lulislls)^ arrive at the condition^ 

(2-5) 9L9?3 923 = 1- 

The relation on cij is then given by 



(2-6) (9i3 - l)criCr20-3 



<?23 



0-10-30-2 - 912913(1 - 923)^20-10-3 + 



+ 912913(1 - 9?3923)^2fT3CTl 



923 



0"30-l(T2 + 912913(913 - 1)9230-30-20-1 = 0. 



We now realize the Si operators in terms of three free fields = {ipi,ip2,(p3} with the operator 
products 



(2.7) 



[z — w) 



Introducing three 3-dimensional vectors Si, we set (with the Cartesian scalar product) 



(2.8) 

The monodromies in 
(2.9) 



Si 



are then given by 



9ii 



'^The other vanishings are with the multiphcity 2. We do not consider these "strongly degenerate" cases here, 
because we are interested in D(2|l; a)-related structures, but they can also be interesting. For example, qij = — 1 
means that the two fermionic screenings point in the opposite directions; the s£{2) algebra determined by such a pair 
of fermionic screenings then has the level —2, which makes a story of its own. 
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The trilinear relation ensured by ( |2.5| ) now reformulates as the condition that the sum of the scalar 
products be an integer, 

(2.10) ai ■ a2 + Si ■ + a2 ■ = n & Z. 

In accordance with the recipe to construct fermionic screenings, we also have the conditions 

(2.11) ai-ai = l, z = 1,2,3. 

To solve the four equations in ( |2.10|) and ( p. 11 ) for a^, we parametrize the scalar products as 

(2.12) ai-d2 = k2 + l, 

(2.13) ai-a3 = A;i + l, 

(2.14) a2 ■ a3 = n - 2 - ki - k2 

in terms of arbitrary parameters ki and /c2- The general solution of Eqs. (|2.1CI|) - (|2.11|) modulo 
reflections and three-dimensional rotations is then given byf] 



(2.15) 


3.1 


= {1,0,0} 


(2.16) 


0,2 


= {k2 + 1, 


(2.17) 




= {ki + l, 



^■2fc2+fci(fc2+2)-n+3 



2(fc2+2)fcj+2(fc2+2)(fc2-n+3)fci+(2fc2-n+3)^ t 
fc2(fe2+2) J- 



^fc2{fc2+2) 

Different values of n correspond to different theories in the commutant of (o"i, o"2, as) 
the value corresponding to WD(2|1; a) by studying the commutant. 



We choose 



2.2. The commutant of the screenings. With 5*^ = e"' '^ constructed in Sec. we next look 
for the commutant of the (Tj operators in the three-boson space. To begin with dimension two, there 
is one such operator, and it is the energy-momentum tensor 



(2.18) T = Id^idifi + \d^2d^2 + Id^sd^^ - I^Vi + ^ 



k. 



d\2 



1 

+ 2 



k. 



2\ k2 + 2 
{2k2 - n + 3) 



^2 + 2 ^2{k2 + 2)kl + 2(A;2 + 2)(A;2 - n + 3)A;i + (2A;2 - n + 3)2 
Its central charge is given by 

^2 - 3kik2{ki + k2 - n + 3) 

^' ' ^ ~ 2{k2 + 2)kl + 2{k2 + 2){k2 - n + 3)ki + {2k2 - n + 3y' 

Searching for higher- dimension primary operators in the commutant, we find that a symmetry en- 
hancement occurs for n = —1, when the commutant involves a primary operator with the minimum 
possible dimension > 2, i.e., dimension 4. 

Lemma 2.1. For generic ki and k2, an operator of conformal dimension 4 that commutes with the 

screenings cxj determined by Eqs. ( p^.2| ), ( |2.8D , and ( |2.10| )-( p.llD and is primary with respect to the 

^The imaginary unit means that the signature of the three-dimensional space of the scalars is (+, — , +), i.e., (p2 
could be redefined such that dip2{z)d(p2{w) = — — w)'^ and i consistently removed. 
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energy-momentum tensor ( p.l8| ) exists if and only if n = —1. 



This is shown by solving the system of equations ensuring that a general dimension-4 operator 
commutes with the three fermionic screenings (there are 51 potentially possible operator terms 
constructed out of the free fields, with two terms corresponding to descendants of the energy- 
momentum tensor). As a function of n, the determinant of the system vanishes if and only if 
n = —1 (for generic ki and ^2), and the corresponding solution gives the operator written in 
Appendix ^ 

We thus consider the n = —1 case in the above theory. The energy-momentum tensor T|„=_i 
(which we denote simply by T in what follows), 

(2.20) T = Idip.dcpi + \dip2dip2 + \dip^dip^ - i^Vi 



i\/k2 ^2 



H (9 0?2 d 093, 

2^hT2 ^ ^2{k^ + 2){k^ + k2 + 2) 

has the central charge given by Eq. (|1.4|) . 

We define the W algebra WD(2|l;a;) to he the commutant of the operators a-i = ^e*^'"^ with 
Si ■ a2 + Si ■ + a2 ■ = —1 and Si ■ Si = 1 that generate the nilpotent subalgebra of 'U.qD{2\l] a). 
For n = —1, we now summarize the screenings that we use in what follows: 

(2.21) cri=/e'^^-^ ai = {1,0,0}, 



(2.22) a2 = ^e'^'-^, S2 = {k2 + I, -^^/h(M + 2),0}, 



(2.23) as = j e'^-^ S, = {ki + 1, -ti^i±^^, ^ 2ik,+2)ik,+k,+2) y 

Remark 2.2. The semiclassical limit of the trilinear relation on ai is the D(2|l; a) relation ( |2.1|) . 
Indeed, inserting ( |2.9| ) with the above Si in Eq. ( p.6| ), we obtain 

(2.24) (e^"''^^ - I)aia2a3 - (e"*(^'i+'=2) - e'^^^^^'^^Vi^a^Xs + (e"*(2'=^+'^2) - e^^'''^)a2aia3 + 

^ (g-.(fci+fe2) _ e^-C^i-^^))^^^^^^ _ ^^ni(2k-,+k2) _ e-^'^^)a3aia2 - (e^"* - I)a3a2(ri = 0. 

Semiclassically, in the first nontrivial order, this becomes 

(2.25) ki[[ai, a2],as] + k2[a2, [ai, a^]] = 0. 

Comparing ( |2.25| ) and ( p.l| ), we conclude that in the classical limit, the algebra generated by o"i, 
(J2, and as is the nilpotent subalgebra of -D(2|l; a) with (using the identifications ai = ipi, c"2 = 'ips, 
and 0-3 = V2) 

(2.26) a = -1 - ^. 

ki 



The "quantum" relation ( ^.24 ) is the corresponding quantum-group deformation of ( p^ . 1| ) . 
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2.3. Bosonic screenings. Any chosen pair of the fermionic screenings {(Xj, aj}, i ^ j, determines 
(the nilpotent subalgebra of) the quantum group Uqs£{2\l) (with the simple roots of si{2\l) chosen 
fermionic). Accordingly, the commutant of these two screenings in the appropriate two-boson sub- 
space is the W algebra Ws£(2|l). This algebra commutes with a third, bosonic, screening operator 
of a non-vertex- operator form (the product of a current and an exponential). The occurrence of 
this screening can be seen by invoking the si{2) argument: the commutant of any pair of fermionic 
screenings in the three-boson realization is (the symmetric realization of) the si{2) algebra, where 
the occurrence of the third screening, of a non-vertex-operator form, is well known. The WD(2|1; a) 
algebra is the intersection of the three algebras of the form {Wsi{2\l) ® (Heisenberg)). Therefore, 
the commutant of WD(2|1;q;) contains the bosonic screenings 



(2.27) = j R,, = J,, e^-"^, I ^ J, 

where 

and Jij is a linear combination of ■ dip and Sj ■ dip. By adding a total derivative to Rij and by 
overall normalizations, the coefficients in this linear combination can be fixed arbitrarily. 
The vectors Vij satisfy 

(2.29) (ri2)^ = r^, (ri3)^ = r^, (^V^- 



k2 + 2' ' ki + 2' ' ki + k2 + 2 

As another consequence of setting n = — 1 in (|2.17|) , we have 



(2.30) fi2 ■ ri3 = 0, fi2 ■ = 0, fas ■ = 
and (with rij = rji for i ^ j) 

o-i ■ rjk = 1, k all distinct, 

(2.31) — __i 

The following statement is now readily verified. 



Lemma 2.3. The operators pi2, pis, and p23 pairwise commute. Each pij commutes with a\, a2, 
and (73 . 

Explicitly, the integrands of the bosonic screenings are given by 



(2.32) Ri2 = {aud^i + ^/5l29(^2)e"^'+'v ^^+5^^ 



:2.33) i?i3= (^{ai3 + f3i3{ki + l))d^i-iPn{ki + 2)^f^dv2 
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(2.34) i?23 = ((a23(A:2 + 1) + + l))dipi - i{l323ih + 2) + a2^k2) ^J^dip^ 



fc2+2,., / 2(fci+2) 



In the next section, these operators are reproduced from a different argument with fixed values of 
the aij and [3ij coefficients. 

Thus, we have constructed screening operators that generate the nilpotent subalgebras of the 
quantum groups '\iqD{2\l] a) and X^q-^s^{2)®']lq^s^{2)®']lq.^s^{2) (with the quantum-group parameters 
that are exphcitly written in what follows). In the next section, we construct 'V\©(2|l;a) vertex 
operators carrying representations of the 'Ug^s£(2) quantum groups. 

3. "1\©(2|1;q;) by deformation and the WD(2|l;a;) VERTEX OPERATORS 

In this section, we show that the 'V\©(2|1; a) algebra can be constructed by deforming (a subalge- 
bra of) the '\isi{2) algebra.^ This allows us to construct WD(2|1; a) vertex operators, in particular 
those that are 212, 122, 221, and 113 representations of the three 'Uqs£(2) quantum groups corre- 
sponding to the pij screenings. The operators that we need in the next sections are summarized 
in dpO). 



The outline of this section is as follows. In Sec. |3.1| , we deform 'Us£(2) into a W algebra by taking 



the commutant of two bosonic screenings. Together with the standard Wakimoto screening, the 



bosonic screenings generate three commuting 'Ugs£(2) quantum groups. In Sec. |3]^, we construct 
vertex operators that are singlets with respect to one of these quantum groups and are doublets 
with respect to the other two. In Sec. |3.3| , we use the ^^symmetric" bosonization, which allows 
us to additionally construct the vertex operator that is a triplet with respect to one of the three 
si{2) quantum groups. We then show that the W algebra obtained by deforming Usi{2) is in fact 
WD(2|l;a) and explicitly map the "deformed" picture onto that in Sec. |^. 

3.1. A "/3-deformation" of s£{2). We start with the level-A; s£{2) algebra, which in terms of 
operator products is given by 

J+(^)J-(^) = _^^+ 



{z-wy z-w 

^ ^ ±7± k/2 



z — (z — wV ' 



and consider the subalgebra in Usi{2) that commutes with the Lie algebra si{2). We next deform 
this vertex operator algebra using the operators 

(3.2) a± = is^, S^{z) = J±(z)e^^/^° 



^By U, we here mean the vertex operator algebra and sometimes, its vacuum representation (this must not lead 
to a confusion). 
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with the two parameters and /3~ related by 

(3-3) (5^ = ^, ^ , 

which imphes that 

(3.4) [a+,(7-] = 0. 

We let denote the commutant of a'^ and a~ in 11,5^(2). 
We write P = P'^ and /3' = /3~ in what follows; thus, 

/3 



(3.5) P' = 



1 + 1/3' 



2' 

We next introduce the Wakimoto bosonization 



(3.6) J+ = -a, 

(3.7) J"" ^ aa* + dip, 

(3.8) J- = (a*)^a + y^2(k + 2) a*9(^ + kda* 

and additionally represent the bosonic ghosts a and a* (with the operator product a{z)a*{w) = ^5^) 
in terms of free scalars / and with df{z)df{w) = ^^z^ and d4>{z)d(p{w) = (^5^ via 

(3.9) a = -e-^-*, a* = dfef+'^. 

This gives a three-boson reahzation of s^(2) (known as the standard or the asymmetric realization). 
Normal ordering of all composite operators is understood. We also recall the Wakimoto bosonization 
screening 

(3.10) (Tw = ^ Sw, Sw = -a e-V^'P. 

The W^: algebra is now selected from the free-field space as the commutant of cr-w, cr"*", and a~ 
(all of which are called screenings hereafter). By a direct calculation, we obtain 

Lemma 3.1. The algebra contains a Virasoro algebra with the central charge 

_ 3k 3k(5\kp + Af 
^'^^ ^ " ¥T2 2{k(5 + 2f ■ 

For the "undeformcd" value /5 = 0, this is indeed the s^{2) WZW model central charge. In the 
calculation, we used that the operators in the integrands of rewrite as 

(3.12) r{z) e^/-^° = e(^-^)^ e^^^ e-^{z) 
and 

(3.13) J-{z) e^'/^" = ({k + l)aV + {k + l)dfdf + {k + 2)dfd(f> 

+ y/2{k + 2)d^df) e(^'+^)^e^'v^^e^(z). 
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3.2. 122-type quantum group representations. We next recall the spin-i vertex operator of 
si{2)k and deform it into a certain vertex operator for W^,. The spin-| vertex is a 2-dimensional 
quantum group representation with the highest-weight vector given by 

(3.14) ^ = = g72{l+2)'^^ 

The action of the horizontal si{2) subalgebra on \1/ generates a two-dimensional representation, 

(3.15) Jq-^ = a*e75(fe)'^^ (Jj^)2^ = 0, 7^+^ = 0. 

z 

These properties persist under the "deformation" of by ^'^'^ if the vertex is deformed into 

(3.16) ^!p{w) = ^{w)e~-^^' ^ =e-5/5'*e^V3{^T5)--v— 
(we recall that jS' is expressed through (3 and the level k). Namely, we have 

z , lg'(fc+2) + l 

(3.17) J-iz)e^'^'" -^Hfsiw) = (^-«;)(/3'+i)^+/3'(-^/5'+^)-i5/e(5/^'+^)<^e V(«;). 

Remarkable cancellations of poles occur in acting with ( p.l3[ ) on the right-hand side of the last 
formula, resulting in 

z ^/3'(fc+2) + l 

(3.18) J-(^)e^'^^"-9/e(5/3'+i)'^e V(w7) ~ (2 - «;)-(^'+^)(^^'+i)+'''(^'5'+^)+i. 

Two effects now occur. First, (a-)2^^ (w) is a local operator, because the sum of the exponents 
in (|3.17| ) and ( p.l8|) is an integer, 

(3.19) HP' + l)f + + I) - 1] + l-W + l)(i/3' + 1) + P'i^P' + i) + 1] = -1. 

Second, moreover, the relevant first-order pole vanishes (one extra positive power comes from the 
integration), and therefore, applying the standard argument, we conclude that 

(3.20) (a-y^^piw) = 0. 

Thus, is a part of a doublet under the action of a~ . At the same time, it is a singlet with 
respect to a~^. Further, the spin-i vertex operator is a doublet under the action of the Wakimoto 
screening, and because the deformation involves only the s£{2) current J°, this property persists 
for \l//3. We thus conclude that is the (1, 2, 2) representation of (the quantum s£{2) groups with 
the respective upper-triangular generators) (cr"*", aw, o"~). 

A similar argument shows that the operator 

(3.21) %{z) = a*{z)^{z)e-"^^^'^' = e^^^ '''^~^Vm^''{z) 

is the (2,2,1) representation of (the quantum s£{2) groups with the respective upper-triangular 
generators) (cr+, aw, o" )• 



—^e-f 
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3.3. Symmetric bosonization and the triplet operator. The above resuhs do not depend on 
a particular bosonization of the aa* system; from now on, we use the ahernative bosonization where 

(3.22) a = -dfe-^-'^, a* = e^+^ 

(for the si{2) algebra, this gives the so-called symmetric three-boson realization). The point is that 
all the three operators {S^, , Sy/) then take the form (current) ■ (exponential), 

(3.23) 5+ = 9/e(^-^: 

(3.24) 5w = 5/e-V 

(3.25) S- = ({k + l)df+{k + 2)d(f) + ^2{k + 2)d^ e(^'+^)^e^'v^V. 
In addition, it is straightforward to show that the operator 

(3.26) = (4(/3 - 1)90 + 2y/2{k + 2)(3d^ + {kp^ + 4/3 - 4)9/)e^+v^^+/ 

is the (1, 3, 1) representation of the quantum si{2) groups with the respective upper-triangular 
generators {a~^,a^^,a~). 

We note that in this bosonization, the energy-momentum tensor with central charge ( p.ll| ) in the 
commutant of the screenings is explicitly given by 



(3.27) = Idfdf - \dcpd<p + \d^d^ - \d^f + 



kffi-{k-^)l3-2ca 



fc(fc+2)/3^+2(fc+4)/3-4 ^2 



Using the symmetric bosonization, we next identify the above screenings with the bosonic screen- 



ings constructed in Sec. 0, which also are of the form (current) ■ (exponential). 

3.3.1. Mapping onto ((^i, (^2, <^3)- Writing S+ = (. . . )e^^-*, 5w = (. ..)e^w-*^ and = (. . . )e^^-*, 
where the dots denote currents and $ = (0, (p, /), we note that the three 3-dimensional vectors in 
the exponents are pairwise orthogonal and satisfy 

(3.28) r^-f^ = mkp + 4), fw-rw = r|2, ■ = ^P' {kp' - 4) -- 



The identification between the screenings in ( |3.23| )-( |3.25| ) and those in Sec. 
such that 



2/3(fc/3+4) 
■ (fe/3+2)2 • 



can be chosen 



ri3 ■ ri3, 



ri2 ■ ri2. 



(3.29) 

These two equations imply 
(3.30) 
(3.31) 

fci + 2+ v/-(A:i + 2)(A:2 + 2 
With these k and f3, the central charge in Eq. ( p.ll| ) becomes the one in Eq. (|lT 
the respective exponentials in 

(3.32) _Ri3 = , R23 = 5'w, R12 = '5' 



k = —ki — ^2 — 4, 



Further, equating 
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we obtain a system of three equations that is solved by 



o , _ 2^-(A:i+2){A:2+2)+{A:i+2)(fci+fc2+2) „ , • 2(fc2+l)A/-(fci+2)(fc2+2)+(fci+3)(fc2+2){fci+fc2+2) „ 
^"P- fcl+fcl+i C)ipi+t Vfc2Vfc2+2(fci+fc2+4) ^^^2 

_ i/2(fci+A:2+2){^-(fci+2)(fc2+2) + (fci+2)(A:i+fc2+3)) o 

Vfei+2Vfc2(fcl+fc2+4) "^3, 

„ . ^/2{A;i+fc2+2)(fci+2+^-(fci+2){fc2+2)) „ ^/2(fci+fc2+2)((fci+l)(fc2+2)+v/-(fei+2)(A:2+2)(fc2+3)) ^ 

ao9 = — , ^ = Oipi — , y = Oifo 

^ ki-k2+2y/~{ki+2)(k2+2) Vfc2v^fci+2(fci-fc2+2^-(A,-i+2)(fc2+2)) ^ 

. ■^-(A:i+2)(A:2+2)(fci+A:2+2)-2(fci+2)(fci+fc2+3) 
+ ^ Vfci+2Vfc2(fei+fc2+4) '^'^S, 



In terms of the three currents introduced in Sec. 0, the integrands of the screenings become 



3.33) 


-Rl3 


= 5+ 




3.34) 


-^23 


= 


= -ag ■ dipe""^'-^ 


3.35) 


Rl2 


= s- 


= 02 ■ dipe""'^-^ 



and the "deformed" vertex operators are mapped into 

(3.36) = e-^("^i2+"^2«>^ 

(3.37) % = e-^(^"+^^23)-^_ 

Their dimensions evaluated with respect to the energy-momentum tensor in Eq. ( p.27|) are expressed 
in terms of ki and k2 as 

(3-38) dimvE.^ = 4(,,+2)g:+fe2+2) ^ dimv]/;, = 4(,,+2)%+.2+2) ■ 

The operator in Eq. ( ^.2(j| ) becomes, up to normalization, 
(3.39) = ai ■ (9(^e-"2«"^. 

We note that its property to be the (1,1,3) representation with respect to {pu, Pis, P23) is now 
readily checked using (|2.31|) . 

3.3.2. Identification with WD(2|l;a;). We now identify the W^, algebra in the commutant of the 
(cr'^, (Jw, o"~) screenings with WD(2|l;a). In the symmetric bosonization of si{2), there is one 
bosonic (Wakimoto) and two fermionic screenings. The algebra is therefore selected from the 
free- field space by five screening operators. This set of screenings is redundant: as we have seen, 
W^: is in fact the commutant of a~^, aw, and . On the other hand, it is the commutant of 
the two fermionic screenings and (equivalently, of the two fermionic screenings and a~). This 
follows from viewing W^, as the intersection of two algebras of the form Wsi{2\l) Cg> (Heisenberg). 
These three screenings, however, have been identified with the respective screenings in Sec. ^ It 
only remains to verify the identification for the fermionic screenings in the symmetric bosonization 
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of s£(2), 

g(fc+2)0+^2(fc+2)ip+(fc+l)/ 



Under the mapping in Sec. p.3.1| , these are indeed mapped into a2 and as in Eqs. ( |2.22|) -( p.23|) . We 



thus conclude that the W algebra in the commutant of (cr"'", ctw, ct ) coincides with WD(2|1; a). 

Thus, we have constructed two vertex operators for WD(2|1; a) such that each vertex is a singlet 
with respect to one of the three 'Ugs£(2) quantum groups and is (the highest-weight vector in) a 
doublet with respect to each of the other two. These operators are used in reconstructing the spin-| 
vertex operators of s^{2)k^ and s^{2)k^. In reconstructing the currents, we also use the operator in 
Eq. ( p.39|) . We change the notation for these operators as 



(3.40) ^212 = e~^(^^^2+"2^)-^, ^122 = e-^(""+^^2^)-^ Tng = ■ e-"'^'''^ , 

where the subscripts refer to representations of the 'Ugs£(2) quantum groups with the respective 
upper-triangular generators pi2, pis, and p23- 

4. The vertex operator reconstruction 

In this section, we reconstruct s(.(2)k^ and s(.{2)k^ currents and vertex operators using WD(2|1; a) 
vertex operators. This will imply that 'V\®(2|1; a) is the W algebra of the s^{2)k-^®s^{2)k^/ s^{2)k-^J^k^ 
coset. Because we use the language of vertex-operator extensions, we start with reviewing several 



relevant points in Sec. ^Ij. In Sec. we recall defining properties of the s(i{2) © s£(2)/s£(2) coset 



theory (originating in |jTo|, |TT1, see also [0]) and then show that these can be recovered starting 



from the ^0(211; a) algebra. In Sec. [4.3| , we reconstruct the sl{2)k^ and 5^(2)^2 currents, and in 



Sec. 4.4, vertex operators. 



4.1. Quantum groups and vertex-operator extensions. Vertex-operator extensions A —>■ B, 
e.g., the one that we consider in (^4.20|) in what follows, are constructed by adding local fields to the 
algebra A; such fields are selected as those vertex operators of A that have trivial monodromies with 
respect to each other. Because the monodromy properties are encoded in quantum group represen- 
tations, the procedure involves taking quantum-group singlets that are simply transposed under the 
action of the corresponding i?-matrix. For the particular type of vertex-operator extensions that we 
use, the A algebra is taken to be a product A = A^^^ ® A^'^\ where each algebra A^'^^ is considered 
together with an algebra of its vertex operators; from the A^^^ and A^"^^ vertex operators, one then 
constructs all possible local fields (i.e., fields with trivial monodromies with respect to each other). 
A commonly used recipe to construct local fields with the help of R matrices amounts to finding 
vertex operators Va^ of the respective algebra A^'^'^ and the elements 

(4.1) W^aa' e ^i'^ ® V;(?^ 
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(where we somewhat abuse the notation by identifying vertex operators with the corresponding 
quantum-group representation spaces) such that the monodromy properties 

(4.2) R% : ® F« - ® V^^ 
imply that the mapping 

(4.3) P23 o R'al ® R%' ° P23 : V^'^ ® yj?) ® ® Vj,') ^ ® yjf' ® yji) ® 
reduces to transpositions of the chosen elements, 

(4.4) P23 O -Roj ® R%' ° -P23 : Waa/ (g) ^ (S) Waa'- 

All such operators Wao' then make up a local algebra, which is a vertex-operator extension B of 
^ = A^^'^ '^A^'^\ Next, (some of) the vertex operators of B can be constructed similarly, by combining 
A^^^ and A^'^^ vertex operators into operators that have some prescribed monodromy properties 
instead of the trivial monodromy in ( [4.4|) (and are local with respect to the elements of B). 

In what follows, we let denote the n-dimensional module over the quantum group 'U.qsi{2) 
(we use these with n = 2 and 3); abusing the notation, we also write whenever q = e^^'^. The 
relevant value of the q parameter for each quantum group is read off from the corresponding screening 
operator. We recall from Sec. |3.3.1| the vertex operators ^212 and ^122 that are the (2, 1, 2) and 
(1,2,2) representations of the 'Ugs£(2) quantum groups with the upper-triangular generators pi2, 
Pi3, and P23- It follows from the formulae of Sec. ^ that the respective quantum group parameters 
are qj = e^'^'^^ with 

2 2 -2 

(4-5) = — -, K2 = -, — /«3 



A;2 + 2' + h + k2 + 2 

Abusing the terminology, we often extend the notations "^212 and "^122 to the respective 4-dimension- 
al quantum-group representations, with the specific operators in the right-hand sides of ( p.40| ) being 
the highest-weight vectors in these representations. The (2, 1, 2) representation content of "^212 can 
therefore be expressed as 

(4.6) ^2i2(^) e (Cl^ (g) 2 )(z) 

k2+2 fej^ + fe2+2 

and likewise, 

(4.7) ^122 (^) G (C2_^ ® C 2 )(z). 
Similarly, we also write 

(4.8) Tii,(^)eC^ 2 iz). 

ki+k2+2 

Each of the above operators is a singlet with respect to the 'lLgD{2\l; a) quantum group. 

The monodromy properties of these WD2|i(^i; ^2) vertex operators are therefore governed by the 
lower-dimensional Uqs£{2) representations. For convenience, we give our quantum group conventions 
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and summarize the construction of elements with trivial monodromies, see The st(2) quantum 
group relations are 

KK-^ = R-^K = 1, 

KEK-^ = q^E, KFK-^ = q-^F, \E,F] = ^ ~^ _ 

q - g-i 

with the comultiplication given by 

(4.9) A{E) = 1^ E + E ® K, A{F) = K'^ ® F + F ^ 1, 

(4.10) A{K) = K^K, A{K~^) = K'^ (g) 

For a positive integer n, let V„ be the Viqsi{2) module with the highest-weight vector vq such that 
Evq = 0, Kvq = g"fo, and Fvi^i = [i]vi (with the standard notation [i] = ^f^r)- It follows that 
Evi = [n — i + l]fj-i and Kvi = g"^^*fj. 

The idea of constructing elements with trivial monodromies is to combine representations of 
Uqsi{2) and Ug'isi{2) quantum groups. As the basic example, we consider the Vi module. Let V'^ 
be a similar module over Uq-isi{2), with the basis v'q and v[. It is also a module overUqSi{2), with 
the Uqsi{2) action given by 

(4.11) Ev', = v[, Kv', = q-'v',, Fv', = 0, 

(4.12) Ev[ = 0, Kv[ = qv[, F v[ = v'q. 
The tensor product of Uqsi{2) modules V'^^ (g) Vi is decomposed as 

(4.13) v;®Vi = c©V2, 

where V2 is generated from v[<gvo, and Vq = C from W2 = f ® f — Qv'i ® vi. This gives an element 
of the "Woa'-type" in Eq. ( [4.41) . Similar formulae can be easily written for the invariant element 

W3 G V'2 (g) V2 and Wn+i G (g) V„. 

4.2. The si{2) © si{2)/ s£{2) coset. This coset conformal field theory can be defined as the relative 
semi-infinite cohomology H^^'^{s£{2)_4, s£{2)) of the complex 

(4.14) si{2)k, © s£(2)fc2 © 5(2)fc3 © ghosts with + k2 + h = -4, 

where the ghosts are given by three free-fermion ( ^^BC" ) systems and the differential is constructed 
in the standard way for the diagonally embedded level-(— 4) si{2) algebra 0, [iSl (see also fl^ and 
references therein) starting with the differential 

(4.15) d = j{J^C+ + J-C_ + J°Co - 25°C+C_ - B-C^Co + B+C+Cq) 

that computes the absolute cohomology. The differential can be defined to act on the tensor product 
of the ghost modules and the vacuum representations of the three si{2) algebras. For generic ki and 
^2, the cohomology of this complex is concentrated in the ghost number zero, and the vertex operator 
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algebra in the co homology is the conformal field theory associated with the coset. This gives local 
fields (vacuum descendants) — the elements of if°°/^(s£(2)_4, s£(2); VaC(fc^) (8)VaC(A;2) (8>Vac(fc3)). 

Taking cohomology elements with more general coefficients gives vertex operators of this coset 
theory rather than just the local fields. An obvious class Cq of the si{2)ki (B s£{2)k2/ si{2)ki+k2 vertex 
operators are constructed as follows. One starts with vertex operators for each s£{2), which are 
represented by C™(z) (SiC™, where the first specifies the horizontal si{2) subalgebra representa- 
tion and the U.qsi{2) quantum group representation. The reduction to the coset then consists in 
selecting those operators that commute with the above differential, which amounts to taking si{2) 
invariants in (g) C" (g) This means selecting the triples (m, n, £) such that the tensor product 
C™ ® C" ® of si{2) representations contains an invariant with respect to the diagonal si{2) 
algebra. This therefore gives the s£{2)ki © s£(2)fc2/s£(2)fc^+fc2 vertex operators that are in a 1 : 1 
correspondence with the space of invariants [C™ (8 C" © C^]**^^^). 

Reformulating the above construction in terms of the semi-infinite cohomology immediately sug- 
gests a more general construction that gives a larger class of coset vertex operators involving de- 
scendants. Descendants of the (C™ ® C" C^){z) vertex operators span the tensor product of the 
corresponding Weyl modules, 

where A4i is the Weyl module with the {i + l)-dimensional top-level si{2) representation and the 
three tensor factors are representations of si{2)k^, s£(2)fc2, and 5^(2)^3, respectively. The reduction 
then consists in calculating the cohomology spaces 

(4.16) i/°°/2(5(2)_4, s£(2); A<„ ® A<„ ® Me){z) 

for each triple of positive integers {m,n,i), which again amounts to a similar problem of finding 
si{2) invariants (these are more numerous once further Weyl-module levels are involved beyond the 
top ones). 

The space 0^ ^ ^ if°°/^(s£(2)_4, si{2); A^^® A^„® A^f)(z) is closed under operator products and 
represents a subalgebra of the algebra of the s£(2)fc^©s£(2)fc2/si'(2)fc^+fc2 vertex operators. This space, 
moreover, carries a representation of local fields of the coset conformal conformal field theory because 
the algebra H'^/^{si{2)_i, si{2); Vac © Vac © Vac) acts on 0„^„_^ H°^/^{si{2)_i, si{2); ® A<„ ® 

The definition of the coset asW = iJ°°/^(s£(2)_4, s^{2)] Vac(fc^) ® \J^C(k2) ® Vac(fe3)), with its vertex 

operators in if°°/^(s£(2), s£(2); M.m® M-n® leads to another property characterizing the coset 

theory: the product of the coset with the s(.{2) algebra of the level —ki — 4 that is "dual" to ki for 

^From the identification of tlie coset with the W algebra that we obtain below, it follows that the above construction 
describes those coset vertex operators that are singlets with respect to the \iqD{2\l]a) quantum group; only these 
follow in an obvious way from the definition of the coset, whereas the construction of vertex operators carrying 
nontrivial 'UgZ)(2|l;a) representations is left for the future work. 
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any i = 1, 2, 3 admits a vertex-operator extension to the product of the other two s£(2)fc. algebras: 

(4.17) W ® l[s£(2)_fc,_4 lls£(2)fc, ® lls£(2)fc3 

(where U denotes vacuum representations). This vertex-operator extension is achieved by combining 
the coset vertex operators described above and the standard s£(2)_4 vertex operators. The relevant 
mapping is in fact given by the isomorphism 

(4.18) ff) H°°/\d(2), smy,Mn ® Vac ® Vac) ® Mn ^ Vac ® Vac 

^ (^2) {fc3) (fe) (fca) 

n>0 

(with the two Weyl modules being those over the si{2)ki and si{2)_ki-A algebras), which involves 
the contraction "over the quantum group index" induced by taking the monodromy-free element in 
each term. 

Property ( [4.17| ) characterizes W as the coset, because s£(2)_fc^_4 is then diagonally embedded in 
si{2)k2 © s£(2)fc3 (we recall that ki + k2 + = —4), and therefore, 

(4.19) W ® lts£(2)_fc,_4 ® Us£{2)k, — > Usi{2)k, ® Usi{2)k2 ® Usi{2)ks, 

where on the right-hand side, the s£(2)_4 algebra is embedded diagonally. In accordance with the 
definition, therefore, the relative semi-infinite cohomology of the right-hand side reproduces the 
coset, while on the left-hand side, iJ°°/^(s£(2)_4, s£(2)) evaluates as C on Usi{2)_k^_4 x Usi{2)k^ 
and thus gives W. 

It is the property in Eq. ( [4.17|) that we show for 'WD2|i(A:i, ^^2) instead of W. Rewriting this with 
ki replaced by ks = —ki — A;2 — 4, we construct in Sec. the vertex-operator extension 

(4.20) WD2|i(A;i, k^) ® Us£i2)k,+k, Usii2)k, ® Udi2)k,. 
As we have seen, this implies a homomorphism 

(4.21) WD2ii{ki,k2) — > i/°°/2(s£(2)_4,s£(2);Vac(g)Vac®Vac), 

(fci) (fc2) (fca) 

which is in fact an isomorphism. Thus, constructing vertex-operator extension ( 4.20 ) will show that 
WD2|i(^i,^2) is indeed the coset s£{2)ki © si{2)k2/s£{2)ki+k2- 

4.3. Reconstructing si{2)k^ © s£{2)k2 currents. We now construct the vertex-operator exten- 
sion (|4.20|) by combining ^0211(^1, ^2) vertex operators constructed in Sec. ^with si{2)ki+k2 vertex 
operators. 

The operator in Eq. (|3.39|) that is a 3-dimensional representation of the Uq-isi{2) quantum group 

27ri ^ 

with q = e'^i+^a+a can be contracted with the spin-1 vertex operator ^i{ki + k2) for si{2)kj^^k2- The 
latter is a 3-dimensional representation of Ugs£(2), which we express by writing $i(fci + k2){z) = 
C^{z) © Cg (with the first C'^ factor representing the triplet with respect to the horizontal si{2) 
subalgebra). This contraction "with respect to the quantum-group indices" amounts to taking a 
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quantum-group singlet 1^3 G (8> C"^_i. The result is then a local field in the sense of ([4.4|). We 



9 

thus have 



(4.22) C='(^) ® C '^ 2 ® -2 jz) 3 C^{z) ® W3. 




'I>l(fcl+fc2)(z) 

The right-hand side is therefore a 3- dimensional representation of the si{2) subalgebra of s£(2)fc^+fc2. 
In this 3-dimensional space, we choose the basis J^{z), J^{z), and J^{z) such that J^{z) corresponds 
to the highest-weight vector. We let J^^f^iz) denote the s£{2)ki+k2 currents. 

The space on the right-hand side of ( [4.22| ) is in fact the evaluation representation of s£{2)kj^+k2- 
Before the contraction, a number of cancellations of poles occur in the nine operator products in 
_2 (z) -C ^ -2 jw) between the different components of T113. For the highest-weight elements 
in the quantum-group representations explicitly written in ( p.4(]| ), we have 

(4.23) ai ■ dipe-''''-^(z) ■ dip e~''''-^(w) = (z - wy^^T^ ( " ~ + . . . V . . , 

V [z — wY / 

which shows that the leading pole vanishes. After taking the quantum-group contraction, this 

implies that the currents 

(4-24) ^^° = ^(^i4S + ^f'°), 

(4-25) J2^' = l^S^^J^',- Jt') 

satisfy the respective s£(2)fc. algebras]^ This shows ( |4.20|) . 



4.4. Reconstructing s£(2)fc. vertex operators. Next, s£{2)k-^ © si{2)k2 vertex operators also 
follow from a vertex-operator extension. Let (^i{k){z) = C^iz) ® C'\_ be the vertex operators for 

2 fc+2 

the spin-i representation of si{2)k. Here, C'\_ is the two-dimensional representation of 'Ugs£(2) with 

fe+2 

the quantum group parameter q = e^'^*/('^+^) and the first factor represents the s£{2) doublet. 

We now combine this vertex with vertex operators for WD2|i(^i5^2) that transform under the 
two-dimensional representation ofViq-isi{2). In the tensor product, there exists an 'U.qsi{2) invariant 



element (in the notation of Sec. [4.1|) 



(4.26) Cl^Cl-i 3 W2=v'f^®Vo- qv[®vi. 
Applying this to $1 (fci + /C2) and \E'2i2 as 

(4.27) C\z) ® 2 ® (C2_^ ® -2 )(z) 3 C^{z) ® ® W2 

fcl + fe2 + 2 ^2+2 fcl+fe2+2 fc2+2 
v ' ^ v ' 

^l{kl+k2){z) *212(2) 
5 



^And therefore, J^'° constructed above can be identified with the representation of si{2)ki+k2 spanned by the 
feJi^'°(2) - fci J;f '°(z) currents in s^(2)fe, © ^^(Z)^^. 
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and similarly to $i (/ci + /C2) and ^1^122; 

(4.28) C\z) ® 2 ® (C'_^ ® -2 )(z) 3 C\z) ® C2_^ ® ws, 

fcl+fe2+2 fci+2 fci+fc2+2 fcl+2 

V ' V ' 

^l{kl+k2){z) *122(^) 

we obtain the respective C^{z) ® structures that can be identified with the si{2)k2 and s£(2)fc^ 
spin-i vertex operators $1(^2) (-2) and ^i(ki){z). In fact, monodromy properties alone do not 
guarantee that the operators constructed are necessarily primary. Showing that they are primary 
involves examining the relevant operator products. Pole cancellations occur in 2 (z) ■ (C ^ 2 ® 

ki+k2 + 2 k2+2 

2 )iw) in acting with Tii3(z) on \l'2i2('U^), and similarly for ^122- For the highest-weight 

fcl+fc2+2 

vectors of the respective quantum-group multiplets, we have 

1 ^ f -* \ ~* \ 

(4.29) ai ■ dife-''^'-^{z) e-5(-^i2+r23)-^^^) = (z - wy^^^^ ( " ^^^^ — — + . . 

V z — w 



which shows that the leading pole vanishes in view of (|2.31|) . The entire vertex operator algebra of 
each s£{2)ki can be obtained similarly (or simply by noting that components of the spin-i operator 
generate the entire vertex operator algebra). 

Thus, we have shown that the WD2|i(^i; ^2) algebra defined as the commutant of UqD{2\l; a) is 
the coset si{2)k^ © s£{2)k2/s£{2)k-^^k2- We next show that the same W algebra can be obtained by 
the Hamiltonian reduction of the affine Lie superalgebra D{2\l;a). 

5. Hamiltonian reduction of D{2\l;a) 

In this section, we construct the Hamiltonian reduction D{2\l;a) — > si{2) © si{2)/ si{2). 

5.1. Remarks on Hamiltonian reduction. For a Lie (super) algebra g, the general setting of 
the Hamiltonian reduction of g can be formulated as follows. For a chosen maximal nilpotent 
subalgebra n C g, one fixes an associative algebra A and a homomorphism Un ^ ^ of associative 
algebras. One then performs the reduction to Ug x A/n, i.e., the reduction with respect to the 
diagonal embedding 

Ug © ^ 

(5.1) T 

n 

This amounts to introducing a "BRST" operator (of the type used in the semi-infinite cohomology) 
implementing the constraints that state the vanishing of the diagonally embedded n- valued currents. 
For example, the Hamiltonian reduction of si{2) is reformulated in this way with ^ = C and the 
morphism given by J~^{z) ^— > —1; the embedding is therefore given by J'^{z) i— > (J+(z),— 1). In 
more general cases, A can be a free-field algebra. "Partial" Hamiltonian reductions (with only a 
part of the Chevalley generators constrained) can also be reformulated in this way by appropriately 
choosing the mapping n A. 
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Unlike for bosonic affine Lie algebras, there is no preferred reduction scheme for super algebras. For 
g = D{2\l;a), there are several "natural" choices of A and of the homomorphism (an additional 
source of potentially different reductions is due to inequivalent choices of the maximal nilpotent 
subalgebra, see also Sec. We consider the scheme of type ( ^.Ij) leading to the W algebra 



^0(211; a) defined in Sec. |2.2| . This reduction scheme is asymmetric with respect to the three 
fermionic roots.0 

5.2. Hamiltonian reduction of -D(2|l; a). We now show that for generic values of the parame- 
ters, applying a scheme of type ( ^.1|) to D{2\1; a) gives the product of a Heisenberg algebra J{o and 
the W algebra WD(2|1; a). The Heisenberg algebra (a free field theory) is "trivial" piece in that it 
is guaranteed by the choice of A, while the identification of the 'WD(2|1; a) algebra as the part of 
the cohomology commuting with IKq is the main result of this section. 

With the notation for the D{2\1; a) algebra introduced in Appendix we now for brevity denote 
the fermionic currents corresponding to the Chevalley generators as 

(5.2) ^i = ^(-,+,+), ^2 = ^(+,_,+), ^3 = ^(+^+^_)^ = 

In (|5.1| ), we take A to be the algebra generated by a free fermion system r],^ with the operator 
product 

(5.3) r]iz)aw) = ^— 

z — w 

with the mapping of the nilpotent subalgebra currents to A given by ipi ^ —i], ip2 ^ —f]-, "V^a — ^ 
and accordingly, e*^"*^^ ^ e*^^-* ^ e'-^-' 1— > 0, and ^ 0. In terms of constraints, this is 

(5.4) V'iW-r/(2;)=0, i,2{z) - v{z) = Q , ^3(^) _ ^(2;) = 0, 
which implies 

(5.5) e«(^) + -^ = 0, e(2)(z) + -L = o, e(=')(^)=0, ^o(^) = 0. 

2ai 2a2 

The corresponding BRST operator is given hy Q = § J with 

(5.6) J = (^1 - r/)7i + (^2 - n)l2 + (^3 - 073 + (e^^^ + ^)Ci + (e^^) + ^)C2 + 6(^)^3 

+ V^o7o - 2ai5i7273 - 2a252737i - 203537172 - /3o7iCi - /3o72'^2 - (^ol^C^, 

where we have introduced the ghosts — bosonic and fermionic first-order systems with the respective 
operator product expansions 

(5.7) = B,{z)C,{w)- 



z — w z — w 



^It may also be interesting to study the "symmetric" reduction, where A is generated by three free-fermion 
systems 61, ci, 62, C2, and 63, C3 (with bi{z)cj{w) ~ ^^^d the mapping of the nilpotent subalgebra into A is given 

by i/'(-, +, +) ^ 61, ?A(+, +) ^ 62, V'(+, +, -) h, e^'^ 1-^ for i = 1, 2, 3, and V'(+, +, +) ^ 0. This (otherwise 
natural) choice of the reduction scheme does not lead to the WD(2|1; a) algebra, and we do not expect any reduction 
that is symmetric with respect to the three fermionic roots to result in WD(2|1; a). 
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Because the A algebra involves the "auxiliary" rj, ^ system, the cohomology of the BRST operator 
must contain a Heisenberg algebra. The current generating this algebra is readily found as 

(5.8) H = 2/^(3) + 2B,C, + /3o7o + f^ili + ATs - /^sTa + V^- 

Our aim is to find a W algebra in the ghost-number zero cohomology of Q commuting with this 
Heisenberg algebra "Kq. 

To this end, we use the standard procedure of combining the Sugawara energy-momentum ten- 
sor T (see Eq. ( p.l3|) ) "improved" by derivatives of the Cartan currents with the ghost energy- 
momentum tensors. This gives the family of energy-momentum tensors in the cohomology of Q in 
the ghost number zero, 

(5.9) f(,) = T + dBiCi + dB2C2 + (2j - 3)B^dCs + 2{j - l)dBsCs + 

+ (j - l)/3o97o + j5/3o7o + (j - 2)/3i57i + (j - l)5/3i7i + (j - 2)(32dj2 + (j - 1)^/3272 + 
+ (1 - j)f3,dj, + (2 - j)d(3,j, + {j - 2)r/9e + (j - l)dv^ 

where j is arbitrary. We next construct a unique combination that commutes with H (and is 
independent of j), 

^3 ~~ 4(j - 1) + (2j - 3)^3 

2(^3 + 2) 2(^3 + 2) 



Lemma 5.1. The central charge of T is given by 

^_ 3{ai - 2)(a2 - 2)Qi3 
aia2(a3 + 2) 

With the identifications 

(5.12) «! = fci + 2, ^2 = ^2 + 2, ^3 = -/ci - A;2 - 4, 

this becomes the central charge of the coset theory, Eq. ( |1.4|) . 



Obviously, ai and a2 can be transposed in the above formulas. We also recall (see Appendix 0) 
that the a parameter of -D(2|l; a) is determined as a = — 1 — we can assume 

fci + 2 

'"3) " = -'-1^2' 

which can also be replaced by any expression obtained by transposing any two among the three levels 
ki, k2, and = —ki — A;2 — 4. We note that relation (|2.26| ) is a "semiclassical" (i.e., ki, k2 — > oo) 
limit of one of these formulae. 

Thus, the cohomology of Q contains, in addition to "Kq, an algebra that contains the Virasoro 
algebra with the central charge of the coset theory s£(2)fc^ © si{2)k2/si{2)kj^^k2- To show that this 
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extends to the entire 'WD2|i(^i; ^2) algebra commuting with JCq, we introduce a filtration on the 
BRST complex such that 

(5.14) Q = Q(°) + Q(i) + Q^'\ 

with Q(^) decreasing the filtration index by i and {Q^^'^f = 0, + = 0, and {Q^^'^f + 

_|_ Q(2)q(o) _ g_ rjj_^g respective currents are given by 

(5.15) J^'^ = iJi-f, + z^272 + V^373 + e^'^Ci + e^^'^C^ + e^^^Cs + ^o7o 

- 2ai5i7273 - 2a252737i - '^a-iB:ili^2 - /3o7iCi - (^012^2 - f^o^^Cs, 

(5.16) J(^) = -^^r]-j,7^--f,^, 
(5-17) ^^^^ = 2^1^! + 2^^^. 

The second and the third terms in ( p.l4| ) can be viewed as "perturbations" of Q^^\ and Q as a 
deformation of Q^^\ We now evaluate the spectral sequence associated with this decomposition of 
the BRST differential. 

The cohomology of Q^^^ in the ghost number zero is generated by r]^ and three more currents 

(5.18) h^'^ = h^'^ + BiCi + i/3o7o - i/3i7i + |/3272 + kf^sTs, 

(5.19) = + B2C2 + i/3o7o + |/3i7i - |/3272 + |/3373, 

(5.20) = + 53C3 + i/3o7o + |/3i7i + |/3272 - If^s^fs- 

The Heisenberg algebra generated by the four currents gives the ghost-number-zero part of the 
zeroth term in the spectral sequence. To find the first term, we note the relation 

(5.21) Q^'\lP,C,r] + Ifi.C^r] - a,j,B,r] - i^(+, -)r]) 

- {aih^^^ - a2h^^^ - (a3 + 2)/^^=^) + ^)7ir/ = -5(7i^). 

On the cohomology of Q^'^\ this becomes a homogeneous differential equation, and therefore, the 
first term in Q'-^-* acts on the cohomology of Q^^-* as a vertex operator, 
(5_22) 7^r/ = e/("i'i<''-"2/i(2)-(a3+2)hW+i?)_ 

For the other terms in Q^^\ we similarly find that on the cohomology of Q.^^\ they are given by 

(5.23) 72// = ei'(-"i^*''+°2/i(2)-(a3+2)/i(3)+H)^ 

(5.24) 73^ = g/(-«i^<''~«2/i(2)+(«3+2)/i(3)-H)_ 

With the exponents in the last three formulae denoted as X^, a = 1, 2, 3, we have 

(5.25) X^{z)X2{w) = (as + 1) log(z - w), 

(5.26) X^{z)X^{w) = (a2 - 1) log(^ - w), 

(5.27) X2{z)X^{w) = (ai - 1) log(z - w). 
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With the scalar product determined by the operator products, we then have (Xi,X2) + {Xi,X^) + 
(X2,X3) = —1. In addition, {Xa.Xa) = 1 because 

(5.28) Xaiz)Xaiw) = \og{z-w), 

and therefore, the three operators "fif], 72^? '^'^^ Ts^ acting on the ghost-number-zero part of the 
zeroth term of the spectral sequence are represented by fermionic screenings that are equivalent to 
those in Eqs. (|2.21|) - (|2.23|) . The precise identification involves splitting the space of the four currents 
(r^^, (9Xi, 9X2, 19X3) into the one-dimensional space spanned by H and the orthogonal complement; 
acting on the latter, the operators 7^77, 72?], and 73^ single out the W algebra WD(2|1; a). 

Thus, the first term of the spectral sequence contains the W algebra WD(2|l;a) (which was 
defined as the vertex operator algebra in the commutant of the fermionic screenings in Eqs. ( |2.21| )- 



( p.23[ )). Following |T^, one shows that for generic values of the parameters, the cohomology of Q 
is precisely this W algebra times !Ko (in particular, Q^^^ is trivial on the first term of the spectral 
sequence). This completes the demonstration of the Hamiltonian reduction D(2|l; a) 'WD(2|1; a). 

6. Discussion and conclusions 

We now briefiy discuss interesting alternative constructions of the W algebra WD(2|l;a) corre- 
sponding to the coset s^{2)k-^®s^{2)k^/s^{2)k-^J^k2 ^^"^ riote several points for the future development. 

6.1. 'WD(2|l;a) from BFB screenings. The algebra 1^(211; a) has another maximal nilpotent 
subalgebra; it corresponds to the simple root system consisting of one fermionic and two bosonic 
roots. This gives another possibility for the Hamiltonian reduction of 1^(211; a). The result is a 
algebra belonging to the same family WD2|i(fci5 ^2), although the values of ki and /c2 are generically 
different from those resulting from the reduction in Sec. |^. 

The fermionic root system corresponds, in a certain sense, to viewing D{2\1\q) as three s£(2|l) 
algebras (with the fermionic simple roots) that pairwise intersect over s£(l|l). At the same time, 
recalling that s£(2|l) admits the simple root system consisting of one bosonic and one fermionic root, 
we can view D{2\1\q) as two s£(2|l) algebras (intersecting again over s£(l|l)). The corresponding 
Chevalley generators of -D(2|l; a) are ip (a fermion) and ei and 62 (bosons) that satisfy, in addition 
to [i'.'ip] = 0, the Serre relations 

[ei, 62] = 0, [ei, [ei,ip]] = 0, [62, [e2, V']] = 
(the pairs {ei,ip) and {62, ip) are the simple root systems of the two si{2\l) algebras). 

The description of WD(2|1; a) as the commutant of one fermionic and two bosonic screenings can 
be deduced from the "deformation" picture in Sec. ^ where we now take the si{2)k algebra in the 
standard (asymmetric) bosonization described in Sec. There then exist the fermionic screening 
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= § and the Dotsenko screening 

(6.1) au= (^a-'-^eV^^^^, 

where the integrand is also an exponential, with non-integral powers of a well-defined in terms of 
the bosonization in Eq. ( |3.9| ) (this screening does not exist in the bosonization used in Sec |3.3|) . 
The (Td screening and the standard Wakimoto bosonization screening aw make up a Virasoro pair, 
i.e., the respective integrands are given by e'^'* and e^''* (with $ = (0, (p, /)), where jl' = The 
commutant of (dw, ctf, o"d) is the si{2) algebra. The pair {ap, ctd) corresponds to the s£{2\l) simple 
root system and, thus, generates the nilpotent subalgebra of Uqsi{2\l). 

Next, the standard bosonization allows constructing the a"*" screening that makes a Virasoro pair 
with a~^. It also commutes with the commutant of the other screenings. The three screenings 

(6.2) ctd, ctf, 

(all of which have purely exponential integrands) generate the nilpotent subalgebra of 'U.qD{2\l; a) 
corresponding to the simple root system consisting of one fermionic and two bosonic roots and can 
therefore be used to single out the WD{2\l;a) algebra. We note that {aF,d^~^) corresponds to the 
simple root system of the second Uqsi{2\l) quantum group. 

It is instructive to identify the bosonic screenings corresponding to the three lLqsi{2) quantum 
groups in this approach. These are a~ (which is expressed as the integral of (|3.13|) , a somewhat 
unconventional representation for a screening), aw (the standard Wakimoto screening), and a^. 

Thus, with the "bfb" simple root system, we have used the symmetric bosonization to repro- 
duce the quantum group content of the coset theory, the mutually commuting quantum groups 
UqD{2\l; a) and Usi{2)q, ® Usi{2)q„ Usi{2)q,.. 

6.2. Matter realization of WD{2\1; a) . W algebras are vertex operator algebras selected by a set 
of screenings in a free-field theory. In this sense, W algebras are deformations of free- field theories 
with the help of operators that are primary fields in these theories. A natural generalization is 
to take a more general conformal field theory and deform it using some of its primary fields as 
screenings. 

The WD{2\l;a) algebra can be realized in this spirit as a subalgebra in the product of two 
(universal enveloping of) Virasoro algebras and a Heisenberg algebra. We somewhat loosely refer to 
this system as "matter" (consisting of the Virasoro algebras with the respective central charges di 
and (^2) dressed with a free field (0). It can be arrived at by describing WD(2|1; a) as the commutant 
of the screenings in (|6.2| ) and first evaluating the kernels of the two bosonic screenings, which gives 
two Virasoro algebras and a free scalar field. To construct 'V\©(2|1; a) from Vir((ii)©Vir((i2)©(0), we 
must then use the analogue of the fermionic screening in this theory. This requires generalizing the 
concept of the fermionic screenings (which so far have only been defined in free-field representations). 
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We first recall a similar construction of the W algebra Wsi{2\l) as a deformation of the product 
of a single Virasoro algebra and a free field with the help of the $12 operator. This vertex operator 
furnishes a two-dimensional representation of the quantum group lXgs£(2); we let denote the 
two components. The operator can be dressed with a scalar such that $^2 ^'''^ becomes a fermionic 
operator in the sense of the operator product ^''"^(-2) ■ $12 e^^{w) ^ {z — w); it then follows that 
$^2 s-lso is a fermionic operator. It follows that the commutant of f $^2^^*^ ^ ^u^'''^ is the 
Ws£(2|l) algebra. 

In this construction of Ws£(2|l), the quantum group Uqsi{2) associated with the Virasoro rep- 
resentation theory is extended by its two-dimensional representation (as before, the subscript 
indicates that this is a quantum group representation — the one on ^12 — but we omit it for 

brevity in what follows). We observe that 

(6.3) Uqsi{2) © 

is a part of the 1X^5^(211) quantum group, whose generators can be arranged as 

UqSi{2) 

(6.4) C^© © ©C^ 

C 



This extension of 'U.qsi{2) to 'liqs£{2\l) is indeed known in the si{2) representation theory [|Tq] . 

Similarly to this construction of Ws£(2|l), the WD(2|1; a) algebra is the subalgebra in the tensor 
product of (the universal enveloping algebras of) two Virasoro algebras and a Heisenberg algebra 
that commutes with the integral of the product of the respective $12 fields dressed with a scalar, 

(6.5) 5 = e^^$S'2^$iJ. 

This operator is represented by (C"^ 0C'^){z). The ( parameter is chosen such that the e'^'^^^12 ^'12 
component be a fermion (with the central charges expressed as di = 13 — 6{ki + 2) — j^qy^, i = 1,2, 
and with (f){z)(f){w) = — log(z — w), this fixes ("^ = |(fci + k2 + 2)). The commutant of § dzS{z) 
on the product of the two Virasoro algebras and the free-field theory is the W algebra WD(2|1; a). 
This gives the "matter" construction of the s£(2) © s^(2)/s£(2) coset. 

At the quantum group level, the appearance of 'UqZ)(2|l; a) in the above construction can be seen 
if its generators are arranged as 

Uq'S^{2)®UqnSl{2) 

(6.6) lIgD(2|l;a) D C©C2©C^© © © ® © C 

C 

(where q' and q" are combined into the q and a parameters of '\iqD(2\l \ a), which therefore depends 
on two parameters; classically, the D{2\l;a) fermions © © are broken to © © © 
and one of the s£(2) subalgebras to C © C © C). In the Uqis(i{2) © Uqi>s(i{2) © © part in (^), 
we now interpret 'Ug/s£(2) © 'Ug//s£(2) as the quantum group symmetry of Yii{di) © Vir((i2), and 
© as the § S operator. 
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6.3. Quantum group representations. A manifestation of the quantum-group symmetry of 
conformal field theories is the correspondence between primary fields of vertex operator algebras and 
quantum group representations. The fusion of primary fields then corresponds to tensor products 
of quantum group representations. The existence of a class of quantum group representations (for 
example, infinite-dimensional ones) that are closed under direct sums and tensor products allows one 
to select a class of vertex operator algebra representations that are closed under operator products. 
For example, the Virasoro primary fields $mn are thus determined by the m- and n-dimensional 
representations of two Uqsi{2) quantum groups with the respective q parameters determined by a+ 
and a_; these two quantum si{2) groups commute with each other. 
Primary fields of ^0211(^1? ^2) can be labeled as 

^ i/;ni,n2,n,3 

where u is a. lXf,-D(2|l; a) (multi)index and are labels of 'Uq^s£(2) Uq^si{2) Uq2s£{2) with the 



respective quantum group parameters qj = e'^*''-', see ( |4.5| ). For example, the vertex operators used 
in reconstructing si{2)k-^ and si{2)k2 are "^212 = ^i;2,i,2 and \i/i22 = ^i;i,2,2, as we saw in Sec. pl2| . 
These "lowest" operators are similar to $21 for the Virasoro algebra, which are singlets with respect 
to one of the liqsi{2) quantum groups and doublets with respect to the other. 

The two quantum groups Uqj^si{2) (g) Uq2si{2) ® Uq^si{2) and 1X5-0(211; a) commute with each 
other. We note that while the presence of three Viqsi{2) quantum groups is rather natural once 
the 'WD(2|l;a) algebra is interpreted as the 5^(2)^^ © s£(2)fc2/s£(2)fc^+fc2 coset, the emergence of 
UqD{2\l; a) is unexpected (and somewhat mysterious) from the coset point of view. 

6.4. Resolutions and characters. A further study of representations of the relevant quantum 
groups can lead to the construction of resolutions (and hence, character formulae) for ^0211(^1? ^2) 
representations. We concentrate on the vacuum representations, which are interesting because they 
describe the field content of the theory. For generic ki and ^2, the character formula can be found by 
analyzing kernels of the screenings. Using the "deformation" picture in Sec. ^, one first establishes 
that the same W algebra WD2|i(^i) ^2) is the commutant of one bosonic and two fermionic screenings 
provided these are chosen such that the momentum of the bosonic screening is not proportional to 
the sum of the two fermionic screening momenta. The commutant of the fermionic screenings is 
the si{2) algebra, and hence, ^0211(^1,^2) is the kernel of cr+ = § '-'^ on the weight-zero 

subalgebra of '\ls^{2) (where the weight is the eigenvalue j of Jq, the zero mode of the Cartan 
current). The vacuum representation of 'V\©2|i(^i5 ^2) can therefore be found as the kernel of in 
the weight-zero subspace of the vacuum s£(2) representation. By the deformation argument (taking 
/5 0) for generic ki and ^2, the character of this space is the same as the character of the kernel 
of Jq = § J^{z) in the weight-zero subspace of the vacuum s^{2) representation (in other words, 
the space of invariants of the s(.{2) action in the vacuum $(.(2) representation). 
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Because the mapping via Jq is an epimorphism of the weight-0 subspace on the weight-1 subspace 
in the vacuum representation, the character of the kernel is given by the difference of the characters 
of the weight-0 and weight-1 subspaces, 

(6-7) ^vacwi,(2|i;.)(^) = ^i=o(^) - Xj=i(g)- 

Next, Xj=o{.q) can be found by either studying the resolution associated with the fermionic screening, 
with the result 

(6-8) x.^o(g) = ' 

or directly taking the ^r'^-component of the vacuum s£(2) character 
(6.9) 



^1(1-^^0 mi(i-^-v) n.=i(i-?'0 

(which reproduces ( |6.8D ). Similarly, the resolution gives 

(o-iuj Xj=i[.q) W-ii^-q'f ' 

which also is the z^-component of (|6.9| ). 

The character of the vacuum representation of the W algebra is therefore given by 

= 1 + + + 3g^ + + + + 19g^ + 25g^ + 45g^° + 61g" + 105g^^ + 144g^^ + . . . 

The coefficient 3 at corresponds to the two dimension-4 descendants of the energy-momentum 
tensor and the F field found in Appendix ^ 

This character formula must also follow from a resolution constructed using three fermionic 
screenings. This situation is standard in that this resolution of Wi5(2|l; a)-modules has the same 
structure as the resolution of the trivial '\iqD{2\l \ a) representation via UgD(2|l; a) Verma modules, 
which is given by 

• • • 

(6.12) ... 



This shows that the number of modules at each term stabilizes at 4 (cf. the resolutions with a 
growing number of modules in each term and resolutions of a more exotic shape ||20|), but the 



details of the mappings realized by the fermionic screenings are left for a future work. 

We note that there are a number of interesting "degenerate" cases corresponding to special values 



of ki and /c2 (see also [21| and references therein.). For example, a Felder-like complex arises if the 
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(7+ screening can be applied repeatedly, e.g., 

(6.13) . . . • — - • ^ • . . . 

with {a^)'^^^ = 0. The arrows, obviously, map between subspaces with different Jg eigenvalues. 
The cohomology of this complex gives the vacuum representation of the coset for the corresponding 
special values of ki and ^2. These parameter values can then allow taking si{2) representations 
other than the vacuum one and constructing resolutions using the corresponding weight spaces 
(e.g., for positive integer ki and rational ^2); comparing these would result in nontrivial character 
identities. There also exist numerous possibilities for arranging a Felder-like complex along the 
directions corresponding to other screenings. 

6.5. Other remarks. The same W algebra can be obtained by reducing D(2\l;a) with different 
parameters; representation-theory implications of this fact may be worth being investigated. For a 
fixed D{2\l;a) algebra, on the other hand, the ^ and t] fields can be used in the reduction constraints 
(cf. Eqs. (|5.4| )) in three different ways, which gives different W algebras from the same family. 



Di2\l;a) 

(6.14) 

WD2\l{k,,k2) - - WD2\l{k[,k',) 

where the dotted line denotes a correspondence between (representation theories of) the two alge- 
bras, which can be interesting to explore. 

The construction of WD(2|1; a) in terms of two Virasoro algebras dressed with a scalar suggests 
that the D{2\l;a) algebra can be realized in terms of two Virasoro algebras or their supersymmetric 
extensions and several more free fields, similarly to the realizations of si{2) and 6sp{l\2) and 
<2|1) H. 

Because a partial Hamiltonian reduction of D{2\l;a) is related to the = 4 superconformal 
algebra @, |[, this algebra must be related to the s£{2) © s£{2)/si{2) coset via a "secondary" 
Hamiltonian reduction [^. 

Finally, we note again that the emergence of UqD{2\l;a) as a part of "quantum symmetries" of 
WD2|i(^i5 ^2) is rather mysterious when this W algebra is viewed as the coset conformal field theory. 
An interesting problem is to construct the si{2)k-^ © si{2)k2/si{2)k^^k^ vertex operators that carry 
nontrivial UqD {2\1] a) representations. 
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Appendix A. The dimension-four field 



The commutant of the screenings cTj constructed in Eqs. (|2.2|) , ( p.8|) , and ( |2.15| )- (p.l7|) contains 



energy-momentum tensor ( p.20| ) and possibly, higher-dimension fields generating a W algebra. We 



now assume ki and k2 to be generic. For n = —1 and only for n = —1, the commutant contains a 



primary dimension-4 field F. Using p4|, this can be found as 

(A.i) F = v^(^i + 2)'(^2 - i)(3fc2 + + n){dv3 

~ (fc2+2) V ^U^i ' l'^2 — w^2 -r ^)yoi\,2 -r j-j-)u ^/^syu^/j^ 



TZ ^(^1 + 2)'^'(^2 - 1)(3A;2 + 4)(3A;2 + 11)9^3 (5</^3'' 
+ + 2)(3A;2 + 4)(41A;2A;? + 22kl + Alk^k^ + 186^2^1 + 88A;i + 52kl + 168A;2 + 88) x 



xK[{dv,f{dv2r-d'ip,{d^2y] 
+ ^{ki + 2){3k2 + A){2k2kl - llkl + 2klki - 3/^2^:1 - 44fci + Akl - 4^2 - 44) x 



X K[{dv,)\dv,f + {dv2f{dv,f - 9Vi(5^3)'] 
+ (fci + 2)(3A;2 + A){2k2kl - llkl + 2A;2A;i - 3A;2A;i - 44A;i + Akl - ^^2 - AA)Kd'^^2{d^3f 

^2(fc2+2) 



+ 2VI(S+2) (^i + 2)(^2 - l)\A2(3fc2 + 4)(15fc2 + 15A;2fci + 60A;i + 24A;2 + Q%)Kd^^^d^^z 



-^(ki- l){3ki + 4) Vfc2(5fc| + 5kik2 + 20^2 + Akl + 8)Kd-'ip2dip2 
- 75jg^(^i + 2)(A;2 - 1) v^(3A;2 + A)i5kl + 5k2ki + 20ki + Ak2 + %)Kd^^:,d^^ 
- ^V^i + 2(2A;i + k2 + A){2k2 + ?,)P^{d^ifd^^ - ^ h{ki + 2){'iki + A)Py/Kd^ ^2d^2d^3 
+ \^ki{ki + 2){?>k2 + 4) (49^2^2 - 22^;^ + AQklki + 174A;2A;i - 88A;i + 68fc^ + 152^2 - 88) x 

X v^f^Vi^Vs - {d^ifd^^^ - (9(^2)'9V3] 



+ (^i^^h + 2^h^{d^2fd^^ + ^^^gl(A;2 + l)(9¥.i)29</.29</^3)(2A;i + ^2 + 4)Pv^ 

v/A;i(A;i+2)(3A;i+ 3A;2 + 8)Pv^9Vi'9</^i'9</^3 - !i^^^(A;2+ l)(2A;i+ A;2 + ^)P^d^ipidip2dip:, 
^/ki+2{?,k2+ A) {A9k2kl - 22kl + AQklki + 174A;2A;i - 88A;i + 68A;2 + 152A;2 - 88)VKd^ip2d^ip3 

. V^M^^/,2 _ut., ou I /1^P./I^;^3,, a,,^ _ i^/kU^Vk^, 



2Vfci+2 

^kkl - k,k2 + 3A;2 + 4)Pv^9Vi5^3 - - k2)PVKd^ip2difis 



2(fc2+2) V'''2 '>'i"'2 I ^'^2 I ^y-i v-ix,^ 2Vfc;+2 

+ ^2fe+tf (^2 - 1)A;2(3A;2 + A){5kl + hk2ki + 20A;i + 4A;2 + 8)v^9V3 
(297A;^A;f + 696^2^;^ + 384A;t + hMklkl + 3768A;^A;? + 6336A;2A;^ + 3072A;^ + 297fc^A;? 
+ 3768A;^A;i2 + 14256A;^A;^ + 20036/^2^1 + 9280A;^ + 696A;^A;i + 6336A;^A;i + 20036A;^A;i 
+ 26448/^2^1 + 12544/ti + 384/t^ + 3072/t^ + 9280/t^ _^ 12544/^2 + 6400) ((9(^i)^ 
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+ ^^{k2 + l)(3A;f + Zk2h + 12A;i + 5A;2 + 12)P(a(^i)^a(^2 
+ i^||i|(147A;iA;^ + 204A;^ + 2Mklkl + 1142A;iA;^ + 1048A;^ + Ulklkl + lU2klkl + 2300A;iA;^ 

+ 1448A;2 + 204A,f A;2 + QOOfc^/ca + 856A:iA;2 - 16A:2 - 176A;2 - 704A:i - 704) [{d>^ifd'^>^2 - 9Vi5V2] 



+ ^^(A;2 + 2){lA7k2kl + 132A;f + 294A;^A;3 + 1440A;2A;? + IQhQkl + 147A;^A;2 + 1880A;^A;? + 4872A;2A;^ 



+ 3168A;^ + 572k^ki + 3752k^ki + 6912A;2A;i + 4224A;i + 496^| + 2336A;| + 3504^^2 + 2112) (^(^2) 
+ ^^^^)i75klkf + 210k2kf + 120kf + IBOk^kf + ISWklkf + 2716A;2A;? + 1488A;? + 75k^kl 
+ 1316klkf + 6504:klkl + 11220A;2A;? + 6112A;^ + 210k^ki + 2716A;|A;i + n220kjki 
+ 18352A;2A;i + 10432A;i + 120fc^ + 1488A;^ + 6112A;^ + 10432^2 + 6400)aVi(«9¥'i)^ 
- ^(^1 + 2)(^2 + l)(3A;i + 3A;2 + 8)Pd^<f,d^,d^2 
+ 4^^|^2) (237fe^fe^ + 528^:2^;^ + 288A;^ + 474A;^A;? + 2804^;^^;? + 4328^:2^;? + 1952^;^ + 237k^kl 
+ 280Aklkl + 9632klkl + n860k2kl + A672kj + 528k% + A328k^ki + 11860A;^A;i 
+ I27b2k2ki + 4480A;i + 288A;^ + 1952A;^ + 4672A;^ + 4480^^2 + 1280)aVi9Vi 
- '^^^^^^{U7k2kt + 132A;^ + 294^2^5* + 1292^2^;? + 880A;? + 147A;3A:2 + IGbSkjkl + 3720k2kl + 2ll2kl 
+ 498A;^fci + 2896A;^A;i + 4320A;2A;i + 2112A;i + 408A;| + 1632^;^ + 1744A;2 + 704)aV2(5<^2)^ 
- ^I^{^ik2k{ + mk{ + 114A;^A;^ + 428A;2A;^ + 304A;^ + b7klkl + 836A;^A;^ + l32Ak2kl + 416A;^ 
+ 468A;^A;i + 2396A;^A;i + 2256A;2A;i - 64A;i + 528A;^ + 2000A;^ + 1488A;2 - 320)9V29V2 
- ^^{ki + 2){ki + k2 + b){3ki + 3A:2 + 8)(5A:2fci + Aki + 4A;2 + 8)d^^id^i 



+ i2j|£2) (^^^2fei + 42A;2A;^ + 2Ak\ + 3Qklkl + l3Qklkl + 296A;2A;? + 192A;? + Ibk^kl 
+ l3Qklkl + 432A;^A;2 + 1044^2^? + 800A;? + 42A;^A;i + 296A;^A;i + l{)AAklki 
+ 2192A;2A;i + 1664A:i + 24A;^ + 192A;^ + 8mkl + 1664A;2 + 1280)aVi 



^^^^___(15A;2A;i + I2k{ + 30A;^A;^ + 7Qk2ki + 8A;^ + 15A;^A;f + lOO/c^/cf + 10A;2A;^ - 128^;^ 
+ 42A;^A;i + 138A;^A;i - 88A;2A;i - 224A;i + 24A;^ + h^kl - 16A;2 - 64)9V2, 

where K — ki + k2 + 2, 

(A.2) P = 37k2kl + AAkl + 37A;^A;i + 192A;2A;i + 176A;i + 44A;^ + 176A;2 + 176, 

and 



(A.3) = 2^1^ - l){.k2 - 1) V^i + 2^3k^ + A^3k2 + 4 x 

X V^i + ^2 + 2v/A;i + A;2 + 5V3A;i + 3A;2 + 8\fP. 
The next operator product expansion in the W algebra is given by 
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[2; — ti?)^ {z — if)^ (z — w)^ {z — w) 



4 



^ aTdT{w) + (3d^T{w) + ^dF{w) ^ Giw) + ■■■ ^ 



iz — w)^ (z — w)'^ 



where G is a new primary dimension-6 operator (actually, one of the two dimension-6 primary 
operators) that looks somewhat more complicated than ( A.l ) (178 operator terms) and 



_ 42(fci + 2){k2 + 2){ki + k2 + 2) 3{k2kl + 8kj + k'^ki + 12k2ki + 32ki + 8kj + 32k2 + 32) 

Ct — ~ • 



7 



P ' 2P 

-3^/2/5M 



y/{ki - 1)(/C2 - l){ki + 2){k2 + 2){3ki + 4){3k2 + A)K{ki + ^2 + 5)(3A;i + 3k2 + 8)P' 
2{llk2kl + 25A;2 + llklki + 69^2^1 + 100A;i + 25A;| + 100A;2 + 100) 



" 3P 

A/" = <d<dklk{ - 25k2k^ - 236A;f + IdSk^kf + 7A2klkl - 672k2kl - ISSSkf + 99k^kl 

+ 7A2klkl + blQklkl - 4088k2kl - 5168A;? - 25klki - 672k^ki - mSkjki 

- 8592A;2A;i - 5568A;i - 236A;^ - 1888A;^ - 5168A;^ - 5568^2 - 1792. 

Appendix B. The D(2|1;q;) algebra 

The Lie superalgebra -D(2|l; a), or osp„(4|2), of the dimension (9|8), can be described as follows. 
Its bosonic subalgebra is the direct sum of three si{2) algebras generated by e^*\ h^^\ and /'•*'', 
i = 1,2, 3, with the nonvanishing commutators 

[e«,/(^-)]=25,,/.«, 
(B.l) [/i«,e(^-)]=5,,e«, 

The eight fermionic generators 1^(13,^,6), where (3,^,6 = +, — , are elements of the tensor product 
C^^C^^C^ of two-dimensional representations of the three si{2) algebras; the specific conventions 
are such that 

[e^'\H-, /5, 7)] = - ^(+, /5, 7), [f^'\H+. 7)] = -^(-, 7), 

[/i«,^(+,/5,7)] = i^(+,/5,7), [h^'\H-,P,l)] = -|^(-, A7) 
and similarly for the other two si{2) subalgebras (acting respectively on the second and the third 
arguments of tp). Finally, to write the commutation relations for the fermions, we introduce the 
"spinor" notation for si{2): 

(B.3) 0++ = -2e, 0__ = 2/, 0+ = O + = -2h. 

We then have 

(B.4) [V'(/3i,/32,/33), ^'(71,72,73)] = aiO^;!^ 
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where 

(B.5) «! + ^2 + «3 = 0. 

The algebra depends on ai, 0^2, and 0:3 modulo a nonzero common factor. Together with ( p.5|) 
(which follows from the Jacobi identities), this leaves one independent parameter. In the standard 
notation, we thus obtain the D[2\l; a) algebra with 

(B.6) a = -l-—. 

as 

The Cartan matrix can be written as 

/ 1 

(B.7) 10a 

y— 1 — a a 

It is obviously a matter of convention which of the formulae a = — 1 — ^ for any ordered pair 

(aj, aj), i 7^ j, is used to define a instead of (p.6| ); therefore, the discrete transformations 

1 a a + 1 1 
(B.8) a I— *• —a — 1, a 1— > — , a t— > -, a 1— >• , a 1— *• 

a a+1 a a+1 

leave the D{2\1; a) algebra invariant. 

The invariant form on D(2|l; a) is given by (with = 1) 

(y,i 



(V^(/?i,/52,/?3),V'(7i,72,73)) = -2e/3i 

71 ^/3272^/3373- 



We next construct the corresponding affine algebra: its generators are given by ei'\ h'i\ 
ip{l3,'j,6)n, where n G Z, and the central element. The invariant form depends on the overall 
scale of ai, and therefore, the pair (algebra, invariant form) depends on two parameters. In the 
corresponding affine algebra, one of these parameters can be interpreted as the level. Explicitly, the 
affine-D(2|l; a) commutation relations are given by 

(B.iU) , 

f(i)l - _ A..f(j) 

by a straightforward "affinisation" of ( [B.2D and similar formulae for the other two sl{2) subalgebras, 
and by 

(B.ll) [V^(/?l,/?2,/53)™,V^(7l,72,73)n] = 

= ai(0^j^^Jm+„e/32^2^/33^3 + a2 (0^272 )m+'^^/3i 71^/3373 + '^3(0^373)m+ne/3i7ie/32 72 

2'm5m+nfl ^/3i7i *^/3272*^/5373 ■ 
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The levels Xi — ^oi the three s£{2) subalgebras are therefore such that 

111 

B.12 _ + _ + _^0. 

Xi X2 X3 

Any of these can be called, conventionally, the level of -0(2 11; a), for example, x — xz — 
The Sugawara energy-momentum tensor T is given by 

(B.13) r = aie(i)/(^) + a^e^^^ f^^~^ + ase^'^/^^^^ + a.h^^^h^^^ + a^h^^^h^^^ + a^h^^^h^^^ 

+ \^{+, +, -, -) - |^(+, +, -)^(-, -, +) 

- -, +)V'(-, +, -) - IV'l-, +, +)^(+, -, -)■ 

The central charge of the corresponding Virasoro algebra is equal to 1. 
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